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relations/r atid suggests a hypothesis of develbpme'ntal l^eyels thai 
account for chi^ldren's performance rof these problems at various agej_ 
The different kinds pf prg^bl ems vary in the complexity of semantic 
structures^and the operations required to derive/the meaning 
structures from tfie probldm texts. A- rejpresentational process in 
children \s understanding of problems corresponding to the derivations 
in the semantic analysis is postulated which explains the relative 
difficulty of different kinds of word problems. The meaning 
structures can also be viewed as semantic interpretations of formal 
arithmetic sentences; this provides an analysis pf children's 
achievements of more sophisticated understanding of arithmetic 
concepts and relationships. The fitst section reviews and presents, 
empirical data for different categories of addition and subtraction 
word problems. The second section proposes developmental levels of 
word problem-solving ability that relate to growth in empirical, 
mathematical, and logical knowledge structures. The third section, 
demonstrates how vthese' developmental levels account for the 
accunmrated data\pn children's performances of ^the arithmetic word 
problems presented earlier. (JN) r' ' , 
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Abstract. Resftxch conducted in ^eml counti..e$_has shown f«°^« 
pirfonnaipe -danie'. -^mbinV and •cpmp^e' word probl^s ^"1^^^^^^. 
iTb^ction. This papef interpieu these findings wiHim . theoret.caLfBmewo 
;<&bh2iizes the devdopntdS of lnpirioa,lop«a and inithjmatical kno«*idge, . , , 

vv \ -. . ; .• , . ^ J i ■ ■ . ^ 

Since Ruiselh (l"^71) famous axiomatic analyns. it has bee accepted that , 
the concept of numbers has two fundamerttal <?pinippnents: class and ordir"* ^ 
relations. Piaget (1*965) analyzed the develbpmerit of thesf concepts., 
children's perfbimanccs of a variety of tasks requiring analysis^of set rela^i^ 
ships and ordered sequences. ' ^ / ' r " ii 

' In this paper; we propose a semantic jinalysis in which Irne^nin^ of word- 
problems- dre structures that include class and order relations, arid we .suggest 
a hypothesis of developmental leveU that .can' account for children's perform- 
ances of these problems at. various ages. The different kiiids of problems .Vary . 
in the complexity of semantic structures and the operations required to denvc 
the meaning structures from the problem texts. We postulate representational 
processes in children's understartding of problems corresponding to^the den- 
vatioiis in our seipantic analysis, and thereby explain the relative difficulty of' 
different kinds of word problems: The meaning structures can alsq be viewed 
as semantic interpretations of formal arithmetic sentencesr.'-this provides an 
analysis of children's achievements of more sophisticated understanding of ^ 
arithmetic concepts and relationships.' \ ^. 

In the first section we review and present empirical data for different 
categories of addition and subtraction word .problems. The second section , 
proposes developmental leveU of word problem-solving ab^ity. that .relate to 
growth in empirical^ mathematical and logical knowledge structures. The third 
sectioti dtfmonstrate\ how these developmental leveU account for the accumu- 
Uted data ,on chifflren's performances of the arithmetic word problems 
presented earlier. ' 

1. SEMANTIC CATEGORIES OF ADDITlbN AND , 
SUBTRACTION WORD PROBLEMS 

Previous analysis of addition and subtraction work problerhs have identified 
three main categroies of semantic stnictures: Change (join and separate). 

E^tionalSmiletintMathematic. 13 (IW2) 373-394. OO13-I^4/8j0lJ*-03^^^^^^ 
CopyHiht e 1 982 by D. Rddel PubliAbtg Co.. Dordredit, HoUarid. and Boston. U.5.A. 
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Icms^arc the ^iest . Cbmiine spf^ctimcs more daficii4t;,^ ^^^^ 
vCotnpareptoble^ ' '^■'■y-j^^^^ 

g^npri semaiitip ca)tegorfe ()|iumbe rs are percentay of vm^^:;^;;) :^ j j /Jf\ 

•chihgc^^'.-//^--' :W::X^'^\'^. Vfw^i:-^ •. ' 

■Xroriipaie' ^'/J^/ ■ \['^ ] . /ft 





/ Further exammation^ 6f: the d?ita,; hd^^f^yerv 
general firidih^: Within^^^^^ abdv^^^egorie^^^ 
l^c'fbmed by vary^ CJia;^^ fo^r 

exaihplei the t^^ it^ inforniation are the iriit^. change/ arid firial sek/ 
Any of these can be found if the oth6r twQ are giyer^ yield^^thifr^differe^ / , 
cas^s. Thc ■uTiknp^yh initaiVchang^dr^fi^ ^.v^uith^^ 

direction of cKahge ^an^^ither b^ a decrease or an incrca^^^t^ touV:^\: /' 

bf six kinds of! C:?iange>rbblem$.. A similar se^^ v^rktio^ 

'problems. In Combine probleirns "there are fevJ^rvfe^ : ' ' 

.eith^r.the union/W or oheorthe sijb 

isvtaken ftto >c6ountv Wr^t^^^ 14 different c^tcgofiW; of/ / 
■ instead of thrcc,,is sKowrt.in'tableJIL. , \ f,\y'/ ■'''-/V-:' 

The main Evidence that thfe Idenjtrty of ihe>^^^ 

also influfeticels Qhildre perfbrmahces xoirnes frqm^ 
jjems wi|^j|^ semantic 'categoiry also var^ri iJ^ficUlty,^^ 
Ippirij!!!^ several researchiersi We do notat^ribut^g^^ 

cance to the exact and absolute proportion of succesis on different tasks, sjnci. 
^tli pric' of the rissc^rchcrs used a different sample of word, problems, and 
«^mih^']thcm;.htra differ however, attribiiie to them a 

scaleofr^tivc difficulty. ' ) ■ / 2|] 

Referring to Table IV, one can note that children had no difficulty solvii|[ 
Change ,l^ari^.Cl^hgc 2 pro^^ when the initial and chalge sets were given, 
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ftfe5l4 tvjtes^ of addition ^^JabtricdiA vitotd pto]blii^^mS^ : 

t 4 j;';' . •• '• • ^ . - ' ■ . f-:- and 'pontioR- of' the UiUmcwflpI I ■ ^ V ' ■ • •,. •■ . /v ^-j^;;';' 
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(^les^on about the unioi^ (ij^ole)^ / . 
Question about one subse^^ • y. ' 

incrwing, question ^pu; thellnal set, . 
Decreadog^iquestio^^ 

P^ncfl^ii^i^ <iuadpn about thi^^iiaiife; / ^ 

Ina^diig, qiitttion the initial set. ^ v 

^pe^etsing, qUati^ about the inittill set( r ; 

^.M|Mitioning^^bre\ question about the dtfTerence set. 

|M(Bntwtting question about the difference set. ' *^ 
y(^ei1tiohing*ihore'. question 
I M«ti6mng le^Vq^^^ 

;:^;5^ei^^ * , ' 

!>fi^ntibning^«\jq|3j^ " . 

Juff^; ' — - — ^ — •• . — -p — ; 



^ ; in^ tijicy Were* asked determine the final set . = JHo w^ver^' Change ^robleins 5 ; 
V and 6/ in which the final iaiid, change sets Were jgiv^ and the iiiitiatsjt twais 
: unknown. Were difficult iai^ . ^ ' ? • ' ;\ ^r: 

■i' '':As Withj Change problems, the diffipulty of Combine arid Compare probleiitt 
;kiso variedj depending on which value in the problem was unknown. Coinblne 2 
jprobleitis, [for example,A were significantly more difficult than Combine J " , 
prbblems. Compare problems in whicl^ the referent was unknovC^n Were tnpri^ 
difficult than any of the other Compare problems. ^ 
These findings called for another hypothesis that would explain children's 
. performances on a broader basis than semantic' analysis of the verbal texts.* 
/In the following sections we ."Will reflate the differences in problmiflm^ 
J, performance ^^Oj^ecific hypothesis concerning (1 ^-diiyisrcncA in Itheflchemes * 
required to Iplyr^fie various proMems, and (2) cfiTferencesin the availabljlity 
of diltam* schemes tb^ a^^^ of diff^rerit ages/ The hypotheses thaj we 
present here' extend an ^naffysb develoj^i^d^ by Riley er , 
postulate^ Sjl^cific semantic i)roces5es con^iponctenf «(6 de^ 
performtfncc on each of the probfem types. The ichemes that ^ postiilate 
here include operations for deriving cbss ancl '<;fd£^ cross the . 

boundaries of the semantic categories asdescribcdjLii table I. 
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2. VARIOUS COMPONENTS (ASPECTS) IN 
GROWTH OF KNOWLEDGE . 

Our'h>-pothesis suggests four devctopmental Icvch' characterized by several 
components representing diflirent aspects of knowledge. Each corriponent has 
its own growth and is incorporated si the schemes underlying the chOd*s 
strategies for sohing simple addition and subtraction problems. The four levels 
will be fl^L mentioned here ^arid later on, funher articulated and corinected to 
children's pCTformance in word problems. The four Jcvels are (see Table V): 

£eve/7:. which includes the ability to identify sets by a^ variety of verbal 
descriptions (generic names, locations, points of tiine, ^k>ssessions, ^tcl); 
perform simple operations such as adding or removing objects from sets; and 
understanding-verbi denoting change in possession such as *give* oiSake*. The 
arithmetic competence consists of the ability to count and find the cardinal' 
'number of a given set. The underlying schemes of this level are g;iven schematic- 
aDy in Figure I . ^ - , ' 

^ MAK65£T 



4\ Pndtcation 




b) Cjrd»MliTY 

A 




qu«ntrrv 



c) Add«*«ntnts 




\fiuttn\ 



Fig. 1. 




Level 2: includes 'the ability to link events by cause and effect and to antici- 
patQ resultiof actions ^^^^M^in ordinar> langt^ge. It includes^ reference to* 
the amount of chinge needf^c^ fnniform a set into a larger or ^tialler set and 
the understaj)ding bf seqiiclx^ b)^ents ordere^^ln time^n^a iuudirectignai 
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an'd non-r>V«si61e manner. In arithrpet|c. the^+ and - operations ire (feinct, 
not related, and-the = sign Ceqi^Uty s«n) is underetood as a agn to peiform a 
prpcedure.'^eibiange'sSheme underlying this lev^l is desoibed in Figure 2. 
(Figure 2 described a -change; whiclj is -decrease', bift a conespondihg struc- 
ture exists lor an 'incrWse' associatSd with addition.) Note that the separate - 
schemes of level 1 are now incorporated into a temporarilyHntegrated^cheme. 

/ ■' . 1 ■ THE CHANGE SCHEHA . '• 

*■ . • ■ ' . 

A CHANGE . >^ . . .. 





Levels: includes anV integrated Part-Part-Whole scheme that,can be used . to 
represent set relations with a slot for an unknown quantity if intentionaUy . 

'defined. A set can also be induced by means <^ relative comparison. The 
schemes at this level are related to the understanding of. class inclusipn and to 
the ability Jp Quantify the same extension of objects even if there is a shift in 

- the predicatioif. In arithmetic at this level, the additive structure is reversible 
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and includes the = sign as denoting an equivalent relation. The underlying 
scheme for this* level is schematically described in Figure 3. Note that tHe 
Part-Pait WIjPle scheme of level 3 is Reversible (bi-directional arrows), and also 
incorporates the arithmetic additive relationship which now includes the 
operations + and — as 1'elated to inverse operations operating on the same 
structure. V ^ / , 




Level 4: includes the reversible scheme forvnoH-symmetrical relations (that 
has already initiated at leviel 2). Directional (ordertd) descriptions (i.e^ 'more', 
iess*) can be handled in a flexible fashion. The arithmetic at this level includes 
the ability to handle inequality, and the ability to equalize inequality^ by 
addition or subtraction. See Figure 4^for the Directional scheme that can now 
handle ordered relations in a wversible manner and still maintain their direc- 
tionality. We will refer to it in more detail in the next section. 
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In the description of the above developmental levels we 
are at least two distinct strtictures of knowledge which are involved (Nesher. 

1972) 

(a) Achild'sknowledgeofthe world.and 

(b) A child's kuowledge of lo^co-mathmatical structures. 

' In both knowledge structures, a further distinction should be made between 
a child's 'Knowledge of objects, events, relations etc., and his knowledge o 
how to express them in language. The objects of the first domam are real 
world objects and they are described by ordinary (natural) Unguage (I^). 
th\ objects in the second domain are numbers, operations oh numbers, and 
relations among numbers and they are described by mean, of a specul sym- 
boUc arithmetic language (La). If *e regard ^rmntic. as the i"!«P'"^"°" °; 
an expression in the language that identifies the relevant reference, m . the 
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realm of objects and relations we. are then faced with two different semantic , 
structures. , / 

The jourc^ of these two knowledge structures, as was note J by Piaget, 
are not the same. The logico^mathematical growth of the child cannot, of 
course.-be understood as divorced from his experience with physical objects. 
Yet the mechanism for that growth is different, as indicated by Piaget/s 
reference to 'simple abstraction' and 'reflective abstraction'tlnhdder and Piaget, 
1964;Piaget. 1967; 1970). ^ . 

We go one step beyond Piaget in our attempt to be more specific about 
the growth in arithmetic knowledge. Arithmetic knowledge takes the. form qf 
learning operations and relations on numbers and, in turn, riefleas on the 
comprehension of a physical situation as a closed, system which, therefore^ 
is susceptible to reversibility. We think that arithmetic knowledge is one of 
the mechanisms that facilitates the child's understanding of the necessary 
relationships which are involved in a given situation, and it plays a role in 
constructing class relations, including class-inclusion. . 

We shall use example of addition and subtraction to illustrate the distinction 
between the semantics of Lo and La. In La (arithmetic language) the semantics 
of the *+' and ' signs as learned in the domain of cardinal numbers, a 
simple one. If a sentence 'i4 -H£ = C is given, one knows many things such 
as: that C is a number greater than A and greater than B\ that "C — B=A' 
describes essentially the same relationship among >1; 5 and C as 'i4 + B = C; 
that addition increases the fust number and subtraction decreases it; etc. This 
knowledge and similar kinds of knowledge ar4 connected to. the semantic 
knowledge of '+' and — ' which was attained*by putting these operations in a 
broader mathematical structure within which the + and the — signs get their 
meanings in La. 

In contrast, the semantic knowledge of Lo (ordinary language) is linked to 
the child's experience in his every day life.- For example, when a child hears 
a sentence like the following: 'Dan had some marbles and he gave a few to 
Ruth . . .' he knows that Dan was left with fewer marbles. His comprehension 
of the situation is derived from his semantic understanding of the Lo 
expressions: 'had', 'gave to Ruth' and 'left with'. In fact, it is the understanding 
of Lo as formulated in a text of a word-problem,* which enables the child to 
choose the correct La operation. r 

Thereforie we, in our description, have differentiated between the logical 
and the arithmetic growth, whereas Piaget considered them to be one com- 
ponent (i.e., the logico-mathematical component). Triis distinction will also 
enable us to account more specifically for the levels of performance in arith- 
metic word problems. 
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Table V prcscnU the four developmental levek in a more articulated manner 
in te^ms of Lo, La and the logical relations available at each level 

3. UNDERiTANDlNG L€VELS OF PERFORMANCE 
IN ARITHMETIC WORD PROBLEMS 

In the*last section we outlined the^ general kinds of knowledge that we assume 
underUe arithmetic. problem^lving. We turn now to the empirical fmdings 
and show how tfhey can be understood in the light of the above developmenUl 
levels. V • ^ ^ . ^ V - 



^ A. Level 1 

Referring to Table V and.Figure 1 . Lcvd 1 is defmed by the ability tp represent 
and operate on single sets. The knowledge- available to represent information 
about sets includes (1) tX) scheme for identifying sets and (2) the La schema 
for representing the cardinaHty of a set (see Riley era/. (1981)formore details). 

These schemes are sufficient to solve Change problems 1 and 2 and 
Combine 1. These prol^lems share two main characteristics: (l)The strategy 
required for solving the problem can be selected on the basis of partial and 
local information, and (2) the solution set is directly available for counting 
at the time the question is asked. 

For example, consider how a level 1 chfld could solve a Combine 1 problem 

Uke 

JpehasS marbles. . 
Tom has 5 marbles. 

How many marbles do Joe and Tom have altogether? 

Understanding the first sentencif requires that the child use his/her knowl- 
edge of the possession verb 'has' to represent a set of marbles belonging to Joe. 
On the basis of this represcnUtion. the child then selects an appropriate 
display and counts out a set of three objects. This procedure is repeated for 
the second sentence. To determine the answer, the child needs only to count 
the set. Thus solving Combine 1 involves three isolated actions of counting 
well-defined sets. 

Change ^bblems 1 and 2 can also be solved on the basis of local problem 
features that specify completely separate actions of counting. For example, 
consider the following Change 1 problem 

16 
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' Joe had 3 marblci. 

Then Tom gave his 5 m^re marbles. . * 
, How many marbles docs. Joe have, ^ 

The first sentence of this Vo^'^n^' is identical td the first sentence of 
^ ; Combine i. The second sentence requires that the child first understand that 
. ' ■ *ftaW refers to an increase in this case, and then increase the initial set by the 
- * i iwropriate number of marbles. The answer again involves counting all mem- 
^ %ere^^ of the set described by a simple possessive phrase io the question, and this 
iiris readUy available to the child Jor counting it all, as a separate assignment. 
/ . In contrast, consider what happens when the solution sefcanbot be deter- ^ 
mined by reference to-the final ownership alone, as in Ofawge^5: 

^ ' ' ^ Joe had 3 marbles. ' ^ V 

^ then Tom gave him some more marbles, 

)H[ Now Joe has 8 marbles- ' / . . 

■ ^ r How rriany marbles did Tom give Joi? ■\ ' ' 

. . Solving.*tfiis''iW^^ counting out an initial set of 3 blocks, then 

inaeasing^Jlik^.^TO'/b^ blocks in response to *Now Jo« has 8 marbles*. At this 
pdint, thfe>*ii|iivd')l-c^ representation of the problem is simply the final set 
of blocks ijelon^g to Joe, Therefor? when asked, *How many marbles did 
Ton) give, to Jofi^V^eQhild answers, *Eight\ 
^ ' >Thus, .Jour ahSlj^sis not only explains how Level 1 children solve certain 

but also* why children at that level fail ^o solve other 
' V ^ifoblems which require the ability to link events (as in the case of Change 3 
.^^^^^rdblern^^^ is the knowledge that we attribute to children at Level 2, 

Before discussing Level 2, we, should mention that many Level 1 children 
' . so^ve Chaijge 4xorTectly , even though this problem also involves an unknown 
di^ge set. ,Tl)is is' because the effect of decreasing an initial set by some. 
' ■ jfeoSjjm Jo get a specified final amount is that the change set and/ind/ set are 
1 *^ ^^w *]^sicaljy separate and both appear in the child's actuaj display. 



as presented in Table V and Figure 2, the child is able to relate .the 
^odtpurred in the initial set to an action in a causal chain. He is also 
Spatf the direction of the change (increase or decrease).Jn flnr/imeric 
bl there is an understanding of addition and subtraction operations as 
pr0)&'dures to follow. Thus, for problems like Change'3» the Level 2 child knows 
that the change is'the result of an action that he can evaluate qualitatively (the 
direction) and quantitatively (the amount). 

• 17 . 
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In the same the chfld ako .solves problems of the type Compare 1 and , 
Cbmpare 2 (seeTrable III for a description of these problems). He regards them 
zs *make this smaller one large*, (for Compare 1} ox intake the larger one 
smaller' (for Compare 2), which enables him to regard Comf)are 1 and 2 as 
Change 1 find 2 problems. (Interesting evidence for this hypothesis is provided 
by children's performances on *equali2ing' problems which appear in Carpenter 
and Moscr (198l'),) Note that, in solving Compare 1 aild Compare 2 pr6blems, 
at this level (Level 2) the child does not need to deal with an abstract set 
(the difference set) described by a relational term 0.e.,> is greater than y"). 
He can ignore this expression and consider the two compared amounts as'an 
initial state and final state/ as was the case in the problems Change 3 and 
Change 4. ' . # . . , 

As to the mathematical action taken at this level, children who are merely 
able/o count, can solve Change 3 and Change 4 problems. In particular, ttiere 
will be no difficulty for those who have already experienced adding and 
subtracting of numbers (by counting on, or by memorizing facts). For children 
at this level the + sign means *have more' and the — signjneans *take away\- 
This partial understanding of La, fully corresponds to their understandirig of 
Lo expressions describing *increasing', *decreasing\ 'more' or ness\ Thc^/act 
that children acquL-e limited semantic interpretation of^La ^nd Lo at this level 
cannot be diffcfentiated by observing the child's per|prmJ^ce on Change 3 
and 4 problems. Therefore, problems in which such (differentiation is crucial 
for the correct solution (i.e.. Change 5, Change 6, Compare 5, Compare 6), 
cantiot be solved at Level 2. The same observation was madety Kamii (1980) 
who found that^cfhildreh first employ the operations sign| + and — in a-vpry , 
limited manner before employing the = sign. ^ 

» ■ 

C. Levels 

As seen in Table V and Figure 3. at level 3 the scheme of Part-Part -Whole is 
available to the child, as well as the additive structure among number-triplel#^ 
This scheme enables reversible inferences about sets* relationships including 
the amount of a difference betwpn two specified sets. Therefore, partial 
informlH^n can be represented with a slot for the unknown quantity; In 
arithmetic, at this level, the additive structure is reversible and includes the 
equality relation and understanding the necessary inference that ifa + b^c, 
ihenc-b—aoTC — a^b. • - <^ , ■ 

This knowledge enables Level 3 children to solve problems like Combine 2 
in which two quantified sets are given in the formulation of the problem, and 
the child must distinguish explicitly which are the subsets, and which is tbe 
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. . * y ■ , ;.. ■ ' . ■ ^ 

^ ^ union wt ill order to know w!!^ to do. Kis o^ijly dui to the inclusion relation 
which is expressed in Combine 2 problems ihiat llje thild can understand that 
he should subtract^ Otherwise; |f only the prcyious-ii^^ and 
2 are available to him, then in the case of leVd||^^^^^^ add the 

two given sets, and in the caie ^f level 2, he wiUiriot l^idw wh^t to do and*will 
thyefore fall back .to a level 1 . p^rfomjance. (i.e., count any mentioned set). 

The abiHty to solve probleins such as Change S^arid Change 6 at level 3 
brings in one of the most powerful predictions of our theoretical model. In 
these problems, the semantic sdiemes that originated in the child's experience 
with ordinary- language contradict the newly learned semantics of addition 

, and subtraction (+ and -). For example, let us consider a problem of the 
Change s type: 

Ihn had some marbles. 
He foun4 5 more malbles. 
Now he has 8 Marbles. 

How many marbles did he have to start with? ' 

The child's experience with Lo language will direct him to add ('found' 
means 'adding'). Choosing to SMbtract (for the correct solution) can be 
achieved only if the semantics of La and Lo are differentiatefl as two auton- ^ 
omous systems, 'so that each one of tbem can be further elaborated to reach 
y^he necessary coordination betwe^en tile two systems. For Lo this involves' 
interpreting the 'initial state', the 'chahge' and the 'final state' of the above 
problem in a non-temporal manner as in a part-part-whole relationshij^ ^\nc 
one part and the whole are given, finding the second part is zlI'Mu ui by 
subtraction, as one of the semantic interpretations of the sign. Thus, at 
Ihis k the child is abl^ to make the mapping between Lo and La, nor on 
the >asis of isolated yerbil cues, but rather on the basis of the undarstanding 
of the underlying semantics of Lo and La. Now he is able to impose the 
logical-mathematical structure, which is reversible and a-temporal on a 
sequential-temporal sitiiation described in Lo (ordinary languagO- 

^Compare 3 and Compare 4 bring in a.nother consideration. Compare 
problems include an inherent difficulty due to the fact that the tasjc calls 
for comprehension pf a relation between two quantities. In each Compare 
text, there is embedded an expression of the, type "A is n more than 5' which 
conveys the following information : 
-(1) There is a quantity y4: n(>l), ^ ' « 

(2) There is a quantity 5: n(5), , ^- 

(3) There is an order relationship between /I and 5: /?(!4. 5), 

(4) There is a difference between A and 5, that can be quantified: n(A —B), 
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(5) Thccpnncction:Ifn(>l)>n(B)tlkn 

yft have stressed the nature of an expression such as: 'Dan has 5 more 
maVbles than Joe', since it is .crucial for the solution of Compare probtems, 
and it Is a very condensed expression that conveys two kinds of iaformation: 

(a) t!\at Dan had more than Joe, (a qualitativeKjrder consideration), and ^ / 

(b) that thc%ifference set consists of 5 marbles (a quantitative conSider-*^ 
ation) V * ^ ^ / 

Usually it is the misunderstanding of^b) as ^ relative quantity and a differ- 
ence set (rt(A -B)) which cau^s the child most trouble. He wrongly inter- 
prets *5' as an absolute quantity which denotes what Joe has. ' . 

As we now examine the category of Compare problems, it becomes clear 
that Compare I and 2 problems, which do not cohtain such relative expressions 
in the given numerical information we easier and can be solved even ai Level 2. 
Compare 3 and 4, however, can be solved at Level 3 aqjl it is due to the fact 
that a child at that level is able to form any needed set (of subset) out of the 
given ijormation, as to complete the Part-Part-Whole scheme. Ixf particular, 
he is k|le to imagine and construct the difference s«t — and therefore 
able to c^erate on three distinct sets: >1, B\ znd A -B. Comprehending three. ' 
distinct sits, in the case of Compare problems, is a necessary step for obtau^g 
any missing numericatValue. Let us ex^uune the foUowin^ompare 3 example: 

(1) Joe has 3 marbles. ^ [ <r 

(2) Tom has 5 more marbles than Joe. 

(3) How many marbles does Tom have? . 

At Level 2, this problem will produce the answer '5'. (interpreting 5 as the 
absolute quantity that Tom has). At Level i, however, the child is able tb 
createa new set 'A -B' and interpret the given information as: 

I. n(B) = 3 ' 
n. n(A-B) = 5 

^ III. . n(A) = ?(8) 
It is clear-that this informationvbyiiitself will not suffice to correctly solve th^ 
problem. The next step is to/^ko consider the qualitative^^rdcr relationship 

. between and B, which is>ls\cpnveyed in string II (*Tom has more than 
Joe'), and therefore the La apparatus for calculation is caUed upon to perform 
addition and not subtraction. The Lo understanding at L<ivel 3 can be 
schematically described as shown in Figure 5, The reader should note that this 
structure problem 3 as expressed in Lo is a non-symmetrical structure and 
the ord^r of the subject-predicate at the surface ltwi\ is maintamed. One should ^ 
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I NON.REV6R$IBL6 COMPARISON SCM6M6S 

* / ' " 

/ / ■ ■ I - 




(JmI 



note, however, that the desdiiption of this relationship in Lo (ordinary 
language) is not unique. Given^eabavc case that>i(i4)>/i(fi), it is ^possible 
to express in Lo the same relationship in two ways^ 'A is n more than j5\ but 
also *B is rt less than A\ Bpth describe the samij underlying relationship 
between A and B. Thus, if R represents 'more', and /?*V,represcnts less', it is 
always true that: 

1 ^ ■ ' ■' 

'Knowing the reversibility iof the order -relations is part of Lo knowledge, 

as well as part of La knowledge. , 

Thus, there are three more expressions 'similar' to *A i|more than S' which 
are possible in Lo, two of which will describe a different underlying relation- 
ship between A and B (Figure 6). 

We assume that at Level 3 the (Hiild's representation of a relative description 
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f 




Fig. 6. 



includes the ability to differentiate' the'' relative quantity as a separate set 
(more/less . th^), but it is. not flexible enough to invert the directional order 
relation which is Tiecessary for solving Compare 5 and Compare 6 problems. 

Therefore on the basis of the limited capacity as illustrated in Figures 5- 
and 6, the child is successful in solving Compare 3 and 4,' but he fails on 
.Compare 5 and 6. This is because the non-flexible represenUtions include in 
their Lo description^ the terms 'more' zni Mess' whiph are interpreted in 
Compare 3 .and 4 prob)en^i, as + and - of La (Nesher an4 Teubal, l;97iS). 
No conflict Aan ^c;in ipo^rrtpare 3 and 4 between the semantic intfrpreutipns . 
of Lo and La. The child? adds for 'more' and subtracts foj Mejsj'. This te^Oot ^ 
the case, however. ;withi6bmpare 5 and 6 problems. Correct solution of these 
problems is delayed un 4l:Lcvel>. 

D, Level4 v ' ' ' 

At Level 4 (see TablevV and Figure 4) the scheme for non-symmetrical relations 
(which started at Leyil 2. in the description of a change, or coniparison) is now 
available in a reversible mznn^:. Directional and relative descriptions (i.e.. 
'more'/Mess*) can be handled in a flexible manner, and also a set can be induced 
by means of relative comparison (tfiis already began at U\t\ 3). In arithmetic 
this level wiH include the ability to handle inequality, and its relationship to 
, tqu2lity\rfA>B.thenA-C^BoiB'^C = A/ 

Unlikeilfhe schemes of Figures 5 and 6. the scheme described in Figure 4 
is a morcf abstract represcnution. which incorporates all four special cases 
in one flexible structure.^ It does not ignore the fact that a Lo description is 
dircctiorwi. ordered and non-symmetrical, but it is capable in that general 
form of making the necessary coordination between Lo'and La even in cases in 
which hti and La contradict on the surface level, i.e.. the word 'more' is 
mentioned iii Lo, and the child *has to subtract (Compare 5) an4 vice versa 
(Compare 6)> as,in the following: 
Compare 5 DToblem: 

(1) tJoe has 8 marbles. 

(2) He has 5 more than Dan. ' 
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(3) How many marbles does Dan have? ^ 

At this level. Level 4, the chOd is therefore able to coordinate the 
directional-terms without ignoring them, by employing the reversed relation 
description which is needed for choosing the correct operation. Thus, he is able 
to read the word *more' in the text, and yet perform a subtraction operation. 

To sum up the detailed discussion in this section, we claim that our 
hypothesis concerning thr" developmental levels explains which kinds of 
problems can be solved by a chfld at a given level. This is summarized in 
Table VI. 

T.-^BLEVI 



» 

Type of Problem 


Level 1 


Level 2 


Level 3 


LeveM 


Combine 1 
Combine 2 


X 




X 




Change 1 
Change 2 
Change 3 
Change 4 ■ 
Change 5 
Change 6 


X 
X 


X 

X* 


► X 
X 




Compare 
Compare 2 
Compare 3 
:Compare 4 
Compare 5 
Compare 6 






X* 
X* 

X 
X 


* 

x* 



In some empirical samples (Neshcr andKairiel, 1978;Neshcr, 1981) these 
problems fail in an earlier level, respectively. 



, ^ 4. FINAL COMMENTS • 

Research on early proble^i-solving repeatedly shows that kindergarten children 
and first graders, before learning arithmetic at school can solve simple addition . 
and subtraction word problems but fail in some, of them. (Carpenter, et al 
1981; Lindvall and Ibarra. 1979; Lindval, 1980; Riley er j/., 1981;Tamburino, 
1980).' We have tried to suggest a hypothesis that explains which kinds . of 
problems can be solved without the aid of arithmetic, and for which ones the- 
knowledge of arithmetic is crucial. For that* purpose we needed to treat the 
growth of the child's knowledge-structure in a way that identified distinct maijj 
components (i.e., the empirical, the logical and the mathematical component 
The child's action schemes are, of coijr^^tegrated and growth in eai:h 



: . DEVELOPMENT OF SEMANTIC CATEGORIES, 393 

component .do« not occur in isolation from the others. Yet, for understanding 
more .sophisticated performance, it is important to analyze aspects of knowl- 
edge distinctively and to obser\'e the contribution of each one of them in a 

given task. / _ : . . t ' 

We believe that our hypothesis, fince it iractailed and narr9w enough, has 
pje4ictlve power and can be examined empirically.^ At th« moment it fits 
cmpVicaldaU that has been found, tb be 'universal. The peda^gical impli- 
cations of such -an analysis are two fold. First, one cin be more sensitive to the 
jeqAicncc of instruction when one understands the prerequisite kitowled^^ 
structures /or solving certain problems; and can adapt different* strategies io . 
teaching at different levels. Sepohd. this^jialysis aUowS a better understanding^ 
of fb difriculties'that chfldreh. encounter at different levels of performance. 
Similar analyses should, of/coiirsc. be extended to other mathematical struc- 
tures such as multipUcation Of place-value, in order to account for psychological 
factors affecting^mathematical learning. 

TheUnivenity of Haifa, Sdhool of Education 

ne hnivmity of Pittsburgh, Learning Research and Development Center 
(J.G.G. and M.S.R.) * 

" . ■ • . ' • * 
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